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How to detect and then correct
errors ?
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Types of Errors
oo Q59 55
« |Random error:

DMC+AWGN, wireless channel
Communication channel without fading

* Burst error
Most recording channel (Hard Disk, DVD)
Communication channel with deep fading

000 — 00 9=o] a1
- [ Substitution error | 7‘“"3942%’230“
« Insertion error — grAl S EHO W2} =5
« Deletion error

0001 — 00
000 — 0010

Lo|Xt= 3/64
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.: Methods of Error Control

 Forward error correction(FEC)
most powerful and complex (mostly in wireless communication)

one-way transmission systems: deep space or storage

 Error detection with ARQ

less powerful and simpler than FEC (mostly in wireline network)

two-way transmission systems

stop-and-wait ARQ, continuous ARQ, selective-repeat ARQ
 Error concealment

essentially a signal processing technique

process the received noisy information so that the effect of errors
becomes negligible: Audio/Video Coding
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.: How is it possible
to detect ervors

and then sometimes

correct those errors?

Is this a magic?
No, it is not.
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e What’s going on?

o0 Space of Natural Language
* A=Al A+t AAI= 50
QEAEs 2L YIS
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e What’s going on?
o0 Space of Binary Language
AMSh= B9 Zol=3,  ZE 7hsd ©ole & 80

o] FOA “URT AL§ 57| 2 BhAL

o] t}e o] 47]5t AFL: 000, 110, 101, 011.
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.: (Hamming) Distance and Weight

« Hamming Distance
codeword u = 000111
codeword v =011100 = distance = 4

Minimum (Hamming) Distance of a code is the minimum of
distances between all possible two distinct codewords

« Hamming Weight
codeword u+v=011011= weight =4

Minimum (Hamming) Weight of a code is the minimum weight
of all the non-zero codewords
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~® Space of binary language

o Addition I\/Iultiplication
. . , +10]1 011
Rt nnn oot
111701201

Error Detection:

- When you receive a word not in C.

 Error Correction:

The most likely (unique) word in C is a decoded word.

Undetected Error:

Changes a word in C into a different word in C.
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V=Set of all the binary n-tuples (size=2")
A binary block code C of length n is a subset of V.




.J Three-time-repeat code

* Length=n=3
« minimum distance = 3 = minimum weight

————————————————————————

\

Two Views:

« These are all the possible
1-tuples and two parity

and bits repeating it.

« These are two 3-tuples
with distance 3, including
000, out of all possible
binary 3-tuples (there are
8 of them).
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CSDL
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d(000,100)= 1 =w(100)
d(000,110)= 2 =w(110)

d(111,001)= 2 =w(110)
d(111,110)= 1 =w(001)
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OBSERVE:
minimum distance = 2
= minimum weight

Two Views:

e These are all the 3-tuples
with some 1 bit (called parity
bit) adjoined so that the
number of 1's is even.

e These are the eight 4-tuples

of even weight out of all the
4-tuples (16 of them).
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.: Single Parity Code (Overall Parity)

Given a message (information) sequence of length k

m=(m. m, m,---m
we calculate m = (M, m;, m; )

p=m+m,+---m, (mod2)
and form a codeword of length k+1 as

c=(m,m,,m,,---,m,, p)

* Note that p=1 if m has odd number of 1's, and p=0 if m has even
number of 1's.

« Asingle error can be detected if the number of 1's in the received
word is not even. In fact, any odd number of error bits can be
detected.

* Note that, since we compute mod 2, we have

p=m+m,+-m, < p+m+m,+---m, =0
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.9 ML decoding?] 7j'3

 Suppose we have rx=1000.
* Which one is more likely to happen in the channel?

tx error These 4 possibilities

00 1000 <— have the same likelihood!!

10 0100 —

11 1110

01 n 1011 — Thus, errors detected,

00 0001 <——  but the ML choice is not

01 0010 «— unique!!

10 1101 . .

1 ot Mat is the main
difference with

three-time-repeat
code?
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® . .
= Geometric View

« A word is a binary n-tuple.
* V has a total of 2" words. (16 when n=4)

* Each pair of these words has a distance,
which canbe 1, 2, 3, or 4.

« Cisasubset of V.
- Single parity code of length 4 has 8 codewords.

- Each pair of codewords has a distance at least 2,
which is the minimum distance of the code.
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o Error-Detecting and Error-Correcting

dist ; No single error can change
istance =
|‘ | (transform) a codeword
| | into another codeword.
However, certain (but not all)
\ double errors can change
codewords a codeword into another codeword.
| distance = 3 | In order to correct a single error,
) g we must have d > 3.
|||||||||||||| .|||||||.||||| ||||||‘||||| Under the mlnlmum dlstance deCOdIng,
C, 4 c the received word A is decoded

as ¢, since it is closer to ¢, than to c,.

Op>
ofot
e
!

copyright@Hong-Yeop Song = Ao|Xt= 18



@
o Q78789 7]

« detect (4&)sIX] 23t error= correction(37%/

« detect (A=)st error= (Y E2?) &4
SHIE AHQI7}?
BXE 80t
- 2HIE A0l Jhse A=
® most likely codeword7} unique®t Iff (ZE MAHZE 7ts5HA BHE = ULCH

E
@ x2oM TEE LRHIE 57} Higtk|o] RIS i (?77)

PN —

¥ J‘ﬂJ decodmgOﬂlxi *‘Xﬂi olojLt A}ste ofog mEr}.

| Y O O u

St
=
hS RS SHEOIXIN HE 9EI WM 4 UL

X|™ 9| decoding-Ct= i
oIC}
AN .

i
rot
o
2
ol
A
1A
| 0
Hu
o,
()
(@)
(@)
Qo
=
Q
()
3
O
m
ﬁ

aobet

copyright@Hong-Yeop Song S AL Uo|Xt= 19



:E:Simul’raneous correction and detection§

To detect s errors and correct t (<s) errors simultaneously,
we must have
dmin - d > t + S + 1

For error correction only, thus, we must have

d.=d>2t+1

min
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o ® Example: When d=5

When d=5, three schemes are possible:

4-error-detecting code
v’ no correction.

3-error-detecting and 1-error-correcting code
v Observe that 4-errors are not detected.
v' It Is regarded as 1-error and corrected.

2-error-detecting and 2-error-correcting code
v' It is usually called as “2-error-correcting code”.
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“’ Minimum Distance Decoding

codewords

////oooooo

2 110100 1
e — 011010, receive

distances

/

(110000) 1011105 000001

N

iiig?\\\101001:;;§;2; fffffffffffffffffffffffff

5::::011101 2

\\\\110011///

000111

Minimum distance decoding is maximum likelihood (ML) decoding
under some reasonable condition
(We will later prove this over BSC and with hard-decision decoding)
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.: Complete/Incomplete Decoding
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